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ABSTRACT

Lo intwise bounds of a bivariational nature are derived on the solution of a standard

i~~~1m integral equation of the second kind , with a symmetric kernel. The bounding

f incLionals involve two trial vectors, one approximating the solution and the other ap-

proximating the reciprocal kernel. Even with the latter taken as the null vector , there

is significant improvement over a previous approach . It is shown how suitable choices of

~~ial vector lead to expressions for bounds on Neumann , Pad~ and Fredholm approximations .

A 1 ~~(M~~S) Subject Classification — 45L05, 45G20

K~ y ~Jords - Integral equation , Symmetric kernel, Pointwise bivariational bounds,
Hilbert space, Neumann , Pad& Fredholin.

~ork  Unit  Number 1 - Applied Analysis

EXPLANATION

It is not often possible to solve exactly an integral equation like

b
c~ ( x )+  A

~1a 
k(x ,y) ~(y)dy = f(x), a < x < b

for the unknown function ~ (x) in terms of the known functions f(x) and k(x,y) (the

1kexnelt function , symmetric in x and y). So we derive analytical expressions for two

oUier functions ~~ (x) and 4~~(x) with the property

< $~(x ’)  < 4ç(x ’)  ~ a < x ’ < b ~

p r o v i d in g  upper and lower bounds on ~(x ’)  at all points of the interval. The differences

- 
~ (x’ ) and ~(x’) — ~_ (x’) have the same kind of size as ~ S(x’ ) ,  where

~ On leave from Bradford University, England .
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= {f~ [~~(x) - ~(x) ]
2 dX }V2

and

= t f  ~~(x,x ’) - 
~~~x ,x ’ ) J

2 
dx)~~~

2

Here ~(x) is any approx ima t ion  to ~ (x) , and ‘Hx, x ’) is any approximation to the

solution c (x ,x~ ) of the equa tion

b
4; (x ,x~ ) + 

~ ~a 
k(x,y) ç(y, x ’)d’~ = k(x ,x ’)

There are several ways of finding reasonable approximate solutions to integral

equations, and these can be used to make L~ and ~(x’) very small. Thus tight “point-

wise bounds” ~ and 
~ 

can be obtained on • . Some bounds are evaluated numerically

for a simple integral equation , and found to be very tight indeed . The method ~an also

be used indi rectly to f i nd poin twise bounds on some of the standard analytical ap-

proximations to ~

~~il~~ 

~~~~~

~~ .~   
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POINTWISE BIVARIATIONAL ROUNDS ON SOLUTIONS OF FREDHOL?4 INTEGRAL EQUATIONS

Peter D. Robinson

1. Introduction.

In this paper , pointwise bounds of a bivariational nature are derived on the SoIut i ~~in.

of a standard Fredhoim integra l equation of the second kind , with a symmetric kernel •

method depends on improved bivariational bounds associated with linear equations in a I~i IL i t

space , and exploits the similarity between the integral equation itself and the equation

specifying the reciprocal kerncl .  The boundi ng functionals involve two t r ia l  vu cto ts , on,.~

approximating the solution of the integral equation and the other appr oxiruat ing the ~ec i p~ oc..l

kernel. Even when the latter is taken to be the null vector , the bounds r c t i ;~ t }~o~~c w h i ’~h

can be obtained from an approach of Lonseth (11; a simple numerical illustration ic y ivOn .  It

is also shown how suitable choices of t r ia l  vector lead to expressions for bounds on a1~ o.:...i - .

mate solutions of Ncuswnn , Pad~ and Fredhoim t ype .

2. h u b e rt Space For tm;] .ut i on.

The pointwiss hounds are obtained ec inStances of com~)lercr i tary (u ppor c;. d ~~~~ r )  L~ -

varational hounds on the l inear product < g, .~> associated with  o pai r  of t~qc~i t .i .;.: .

f •,f ~ If

g , (, ,g c IC (~~. 2)

in a HUbert space IC , A being a seif—odjoint operator on IC . We assume t I n ~t A ~~

positive and bounded be low away from zero, so that for some positive nutrber ~

~ <q~,4~> for all ~ c IC • ( 2 . 3 )

Then the inverse operator A 1 exists with domain the whole of IC. Further , we assuln, t ) . . .,t

A is bounded above , so that for some positive n umber a

a< ~~,4 >  > <  ~ ,A~ > fo r all 0 c IC~ a > ~ > 0 . ( 2 . 4 )

(The case a -
~ is admissible , but means that ~ is not bounded above ; then A is m c r - I ~

defined in IC and wherever necessary vectors must be asswned to belong to the domain ot A ) .

The Fredhoim integral equation with real symmetric kernel

•( x )  + ~ f
bk(x y)~~(y)dy = f ( x ) , a ~~x < b  , (2 . 5)

a

~On leave from Bradford University,  England
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is identified with (2.1). If j~(x,y ) is the reciprocal (or resolvent) kernel , so that the

relation

b
•(x)  + A f *(x,y) f (y)dy = f(x) , a < x < b , ( 2 . 6 )

specifies the solution $(x) of (2.5) , then it is a standard result that

b
+ ~ ‘a 

k(x,y) 4i (y,x ’)dy = k (x ,x ’), a < x < b , a ~ x’ < b . (2.7)

This equation (2.7) is identified with (2.2). We take for IC the real space of square-

integrable functions with inner product

b
= 
‘a 

h
1
(x) h

2
(x)clx , for all h

1
,h
2 

€ IC , (2.8)

although it is possible to adapt the theory for complex spaces.

The symmetric kernel k(x,y) is assumed to be of Hilbert-Schmidt type , and dcscri~ c~

a compact, self-adjoint operator K in IC, so that

A 1 + A K . (2.9)

The reciprocal kernel ~(x,y) is also symmetric , and describes the reci procal or~ rator

F given by

P = K ( I  + A K ) ’ = . ~2. 1

Roth kernels, regarded as functions of x, can play the role of vectors in If . Th u s ,

taking

g(x) = k(x,x’) , (2.11)

it follows from equation (2.5) and the symmetry of k(x,x’) that

< g,$> f a k (x ,x ’) •(x)dx = 1 1( f ( x ’) - ~ (x ’ ) )  . (2.12)

Accordingly complementary bounds on <g,~ > lead to complementary bounds on $ ( x ’ ) ,  for

any x ’ in a < x ’ < b .

The strict positivity requirement (2.3) places a restriction on the values of the

parameter A for which the results will be valid . Since K is compact and self-adjoint ,

it follows that for some non-negative numbers M and L,

14 < 0 , 4’ ) > < • , K$ > —1 < 0 ,4’ > for all 4’ IC . ( 2 . 1 3 )

—2—

j

—. .

~ 

~~~~~~~~~~~~~~~~~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . . .. •~~~~~~~~~~~~
. .  

~~~~~
--

~ 
-.



a -~~ 
- .---- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

In theory, the nu it~~ci a ~H and — 1. are r~~~ c’ct ively t he  positive a~d ncg~ tive eigen—

values of K of gLoatest m a g n i t u d e , but in j raetice t hey can he taken as the best avail-

able upper and lower bounds to those (igenvalues. Then we assume that

L
1 

> A > —M 1 
(2.1G)

and take

c i = l + A M , 8= 1 — A L  if 1 > 0
(2.15)

a = 1 + AL , 6 = 1 + AM if A < 0

The hivoriational bounds derived in ~3 below involve the positive conntantz ç

and n def ined  by

= ~(8
1is~~), n = 

~ (6
1 a 1

) . (2.16)

For either positive or negative A , it follows from (2.15) that

1 + ( M — L )  
~l A l (N+L)

n = 
( ) ~~~) ( ~~~~)~~~) 

(2 .17)

3. Complemc rlI.or\’ Bivaui at ional  Eouiids

Ascociatc~I with an equation

= h , O ,h ~ IC , (3.1)

is unknown , are the complementary variational Loun~~~ on <h , >

G (El;h) < < h , O >  < G
8
(~-~,h), for al).e c I C , ( 3 . 2 )

where

G
8

(e; h) = —< ~~~~~~ EP + 2< h ,O> + 
~

1lk~
) —h 11

2 
(3.3)

and

— <Ei,AEL~ + 2<h ,e> ~ ~‘Ik~~1I 2

The no, is Lc ,-~.• is th~ u~ual Uii.b.~rt q-ace norm , II ~ll~ 
<z 4 ,~~~> . The variation~ 1 boue~-

ing prol’ert l c, of G and C
8 

fo1l~w at once from the i d o n t it j c~

C (( ~; h)  < h ,  0>  — a ’ <1~~~~ 6O , (a- 1\)  11 ,‘2 ~~~> , (3  .

— 
- 
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and

G~ (U; h) = <h , 0 >  4 6~~~ 
< A

1
~~

2 
60 , ( A -F ) r i ~

”2 6 0>  , (3 .6)

in t era ‘1  t. he di [ t e ;  ~ ,,ce=vector ~0 = U — 0 , together w i t h  ( 2 . 3 )  and ( 2 . 4 )

• COie~i i  iso: t he  pair  of e q u a t i o n s

A ( s~ + ti4 ) = sf 4 ty  , (3 .7)

— t~~) = af — t.g , (3.8)

obta ined  Ir on ( 2 . 1 )  and ( 2 . 2 ) ,  s and C b e in g  scalar  IL l u l t i p l i er s.  If we subtrac t  the

• two i r ,n or  produ t s  1 i kc < h , 0 >  which  car, be bouridcd ~~ in  ( 3 . 2 )  we ob t a i n ;

<(s f+ t g ) , (s~ + t4i) > — < (s f - t g  ) ,  (s4~-t~) > 2st< g,  ~ > + 2~~t<f ,q. >

4st< g,4> . ( 3. 9 )

(The last et e p  f o l l o w o  sinee  < f , i~~> = < A~~~,4 >  = <4 ,  A , > ~ <4 ,q >  - <q,4> ) .

f ro m ( 1 . 2 )  and (3.9), we have for  al l  ~‘,q’ IC

G5(sf + t çj ; ~~‘ + t i)  ~
- G~~ (sf  — ty; s~’ — t ’ ’ )

< 4st< y ,  ~~> < G
6
(sf+tg ;s4+t ~ ) - G ( s f - -ty ;r ~~-t~’) . ( 3 . 10 )

The le; t — h n nd o~~ l r i g h t — h a n d  m m h r s  of (3. 10) reduce to

4s t~ <~~, A~~> + <i ,f> + <g,~~>} +

4~~st<M- f ,A i -g > 2n{s
2 
MM-f 11 2 

+ t 2 
l ’~~~q 1 2 ) (3 11)

D i v i d i  eq (1. 10) th r ou 1h by 4 Ist I , and c h o o s i n g  the opt i rn~~l r a t i o

s t U M — f I I  ~~ U AY—g ~ , ( 3 . 1 2 )

we obtai n tI~ f i n  1 ~c . lt .

I + CS ( i ~~~1 .. riC (i ,4’) < <9,4> < J ( ~ ;,~~) F 13 ( i~~~ ) h C (~~, ~‘) (3. i3)

where

~~~~ ~~ 
= —<~~~7~~ > + <S’,f> 4 ~~ g ,  ~~çj , 4 >  — <~~4 , A 4 >  , ( 3 . 3 4 )

-
~ i~~-f , h i - q  -> <~~ ~~~~ -‘ 

( 3 . 1  ~

— 4 —
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C ( ‘i , ~~) = A i - q  II ‘~~- II II 1~~4 

• 

13. 16)

and

€ IC , 6q’ = -i — ~ I C .  (3.17)

The expression of t he  f un ctiona ls J , S and C in torms of the difference-vectors (3.1/)

makes clear the b iv ar i a ti o nal  na tu re  of the hounds in  (3 .  13) . T I o ~’ are t i gh t e r  t I ;  ,;, et h e , ;

previously obtained (2) by exploiting the identity

< ( s f ± s 1g ) ,  (s~ ± s~~~i ) >  - s2<f ,~~> - s 2< g , 4 >  = 2< g ,4 . > ( 3 . 1 1 )

rather than (3 .9 ) ; see also ( 3 ) .

4. Appli cat ion to the In tegral  Equa t ions

When applied to the pair of integral  equations ( 2 . 5 )  anj  ( 2 . 7 ) ,  the f u n c t i e : o ) s  in

(3.l3)—(3.16) take the foriss

J(x ’) = 1 1{f ( x ’)  - ~(x )) - <~4,( 1 4
h b

— 
‘a 

i’(x ,x ’) {(1+1y~) ‘~(x) — f(x))d’c -I f k(x ,x )  ~‘(x)dy. , (4.))

S(x ’)  = < (l4~K)34, (1 t)ti4~>

b

‘a 
{(l+>X ) ~ (x) — f ( x )  )~ (14 1K) ‘V(x ,x ’)  — 1; (x , x ’)  }dx , ( 4 . 2 )

and

C (x’) = U (l+2.K )~~ !l 1 ( l+ lK )~~iJ tI

= 14A~~~~x - f ( X )  ) 26x) 2
( f ( ( ] +~~~ )~~~(x ,x ’ )  -

(4.3)

Whenever the re  is ambigui ty ,  the operator K is uflder~tOod to act on the f i  r e t  ~~rqr~~~ et

of the subeccj ucnt  f un c t i o n , so th~it.

b

‘a 
k (v , y)  ‘~~(y , x ’) dy  . (.  .4)

Substittaing from (2 .12) into (3 .13) , we o ) t ~~ i the poi r itwi~~e ) j q ~ 3~

> (
~~~

‘ )  ~~(x ’) , a < x ’ ( b , ( 4 . 5 )

where

—5- .

—~~~~~



= f (x’) - A(J(x’) + E~S(x’)} + l~ ln C (x’) (4.6)

and

f(x ) — A {J (x’) + ~S ( x ’ ) )  — I l l ;  C(x’) . (4.7)

The functions $(x )  and V ( x , x ) .  which determine J(x ’), S(x’) and C(x’), are

~~~tntended—to-—be~-approxima t ions to the exact solutions 4(x) and 4(x,x ’) of equations (2.5)

and (2.7). The upper bound 44(x ’) can be minimized with respect to any disposable param-

eters in 4’ and ~‘ (for example multipliers of some set of basis vectors) , and likewi se

4 (x’) can be maximized. Thus we have a method for determining accurate bounds on ~‘(x ’);

an example is presented in §5.

A simpler alternative procedure is to forego individual optimization of 4 and

4 ,  and write (4.5) in the form

0 
~ 14(x ’) — tf (x ’) — X{J (x ) + ~S(x’)}] l x i i i  CCX ’ )  . ( 4 . 8 )

This gives a pointwise measure of the accuracy of the function

4(x’) = f (x ’) — A{J(x ’) + ~S (x’)} (4.9)

as an approximation to 4(x’) . Disposable parameters mig ht then be chosen to i s i 5 i v i~~ y tI,’~

;t-squares” function C(x ’) . Bounds on various analytical approximations to ~~, r uch

a Neumann , padd and Fredholm approximations , can also be obtained from (4.8). liy

~itab1e choice of the trial vectors 4’ and ‘I’ it is possible to coax f(x ’)  — )J (x ’) into

the form of one or other of these approximations. ~See §6 below).

5. Simple Trial Functions

Sensible results are obtained from the foregoing theory even with the uninforred

choice of trial functions which are identically zero. When both 4(x) = 0 and ‘P(x,x ’) 0,

(4.8) gives rise to the pointwisc bounds

0 < {P ( x ’)  — (f(x ’) — A~Kf(x’)J~ I l~k ll f 11 ljk(x,x ’)jl . (5.1)

With zero V (x,x ’), but arbitrary 0(x), (4.6) and (4. 7) become

f(x ’) — AK4’(x’) + A~1C(4’(x’) + AXO(x’) — f(x’)) ± lx l~ llu+xK 4’ —

~ k(x,x’)~f . ( 5. 2 )

—6—
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Lo~~sett ,  11] haC i n  of feet pointed out that in aity case (x ‘ ) 1 to,  b I

f ( x ’ ) — ~K~~x ’) ± I A !  II I ! ) (x, x ’ ) Ii ; ( 5 .  
~ )

bounds on the Hu bert  apace norm II ~4 il thou lead to puintwise i unjs on Cx ’)  .

( 2 . 3 ) , these wou ld be

f (x ’ )  - AK~ (x ’) J A J 8 ~ U ( 1+~ K)~ - f~ k(x ,x )~ 
(5.4)

w i t h  8 g iven by (2.15) , which i s  ev ident ly  a coarser resu lt  t han  (5.2) ~~~~~~ 
~~~~l >

f rom (2 . 16)

If ~ (x ’)  is  taken as c f ( x ’)  in ( 5 . 2 ) ,  an d the fa c t o r c is  o p t i r i z ~:t to ‘ : l v •

the best uj~p~ r and lowe r hou nds , the re t u r n  out to be

= 40
(x ’ )  + u 1p ( x ’)  u

2
( r ( x ’)

2 
- p(x ’)

2)~
’2 , 

• 

(5.5)

whe r e

f ( x ’)  — A ’ K f ( x ’)

p ( x ’) = ~ ( A K  + X
2

K
2 ) f ( x ’)  - l h f ( x ’)

r ( x ’)  = n il (14 AK) ~I ~k ( . 1 )

< f , ( l~~~~~Y l  f >
u
l 

= 

I ( i+AK ) f Il2

= _ • _ l~ j i~
_ 

- ~~f~~~~~~~~
h•

) I

2 110 )K)f ~2 (1+1K) c U 4

But i i i  order to oxp~~i t  fully the h iv ar i at i o f la l  n~ turc  of the p a i f l t \  ICC ))ourJe lfl ( -~~~ 
—

(4.7) , the cru lc choice ~(x,x ’) 0 must be relaxed. If we ehc’o e

cf(x’) , M’ ( x , x ’)  = d k ( : , x ’)  ( 5 . . ’)

in (4.1)— (4.1 ) ,  a ’.~I sit ul ~q .o I e l y  dc~~crmi f l :  c and d in e:d -a: .~ to  o~ tj r , . t . .‘ i

( 4 . 6 )  ,~id  (~~ 
. 7 )  , t i w  e ’  become

2
2 (p—qu 1 ) (p— qV ) t

4 = 4 + — ______———

~~

— ( 5 . ? )
! 0 q 2 2

q(t -q )

t 2 2 2  2 1/2 2 2 2  2 1/2

~ { (t  — q ) u~ ( 1 • 
~~~~~~~ 

) { ( t  — q ) V
2 ‘~~~

‘l~ 
I

t -q

—7—
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Here, in addition to (5.6), we have used the notation

q(x ’) ~~(A ~~ + 2A 2K
2 

+ A
3
~

3) f  - (A K + X 2
K

2 ) f(x ’)

t ( x ’)  n h l ( l + A K ) f I I  Ak k i l
<A k ,Ak +)~

2k >
v
1
(x’)= 

~ 
Ak +X

2
k
2 11 (5.9)

II Ak 11
2 <Ak  , Xk + A 2k > 2

2 , x 2 x• v (x ) —2 Ak +A 2k2 11 2 Ak +X 2k 2 11 4

wherein k
2
(x,x’) is the second iterated kernel.

Lonseth 11) considered the example

4( x) + f ~ k (x ,y) 4 (y)d y = x2 , 0 <  x < 1 ,

( 5 . 1 0 )

• k (x ,y) x(l-y) if x < y,  k ( x ,y )  = y ( I - x )  if x > y J
for which -

f(x) = x2 , A = 1, M = ~—2 L = 0 , ~ = 
u
2
+l/2 

~ 
= 

1/2

it +1 it 41
(5.11)

Kf(x) = 
12 K

2
f ( x )  = 

4x-5x3+x
6 

, k(x ,x ’ )jj = 
x ’ ( l-x ’!

The crude bounds in (5.1) give

2 ~ (x ’ —x ’ 4 ) —1/2
0 1 4(x ’) — (x — 12 < ( 15 )  nx ’ ( l— x ’)  , 0 < x ’ ~ 1 . (5.12)

At x = 1/2 , the least accurate value , this shows that

0.21225 1 4( 1/2 )  1 0.21819 . ( 5 . 1 3 )

The bounds (5.5), with 4’ proportional to f and ‘V zero, give

0.21704 1 4(1/2)  < 0.21723 , ( 5.1 4)

whereas following Lonseth ’s approach via (5.4) one obtains only

0.21292 1 4(1/2) < 0.21740 (5.15)

—8-
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with the same type of 0 . Finally, with 0 proportional to f and ‘V proportional to

• 
k , the ~~re sophisticated bounds (5.8) yield the accurate result

0. 217047 1 4(1/2) < 0.217048 . (5.16)

The integral equation (5.5) can be solved exactly if it is converted into a differential

equation , and in fact

4(1/2) = sech(1/2) — 2 = 0.2170472 . (5.17)

6. Bounds on Analytical Approximations

6.1. The Neumann approximation

Let us make the choice of trial ve-tors

0(x)  = 0 (x) , ‘V ( x , x ’) ‘ V ( x , A ’ ) ,  n ,m = 0,1,2... (6.1)

in the functionals (4.l)—(4.3) , where

2 2  — 1 ~ (6.2)
0 (x) = {l — AK + )~ ~~ + . ..  + (—AJt )~~ } f(x) , n > 1 , J

and -

‘V0
(x , x ’) = 0 ,

(1 - AK + A
2

K
2 

+ . . .  + (_ A K ) m l } k (x ,x ’ ) ,  m > 1 (6 . 3)

k(x,x’) Ak
2(x,x

’) + A
2
k
3
(x,x ’) ... + (~~A ) ”~~ k ( x ,x ’)

the functions k ... k being the iterated ke’rnels (k = k) . This choice leads to the2 m 1

expressions

J(x ’) = 0 , m + n = 0 ,

) (6 .4)
J(x ’) {i - AK + ... + (_AK ) m+~

_ l
) Kf(x ’), m + n > 1 , J

S(x ’)  (~~~~) m+fl Kf ( ’)  ( 6 . 5 )

and

CCx ’) I~~~,
m+n 11~~~fl f ~ k~~1(x,x ’) 1l~ 

. (6.6)

From (4.8), (4.9) and (2.17), these results indicate that the Neumann—typ e approximate

solution

= (1-  1K + ... + (— A K )~~~~~ + ~ (_ AX ) m
~~~~~} f (x ’ ) ,  a < x ’ lb  , (6 .7)

is in error by not more than

-9-
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— ( M 4  L)
iIi4 n + 2  2 ii  IIA ! ( h Ai l )  ( 1 - 1 )  U N I k114~ 1 (x ,x ’) 11~ 

.

The r e l a t ion  ( 2 . ( )  e u h i , e ~~t i n t~ (x )  and ~ ( x , y )  j i b  , - , , i  t o: t h i t  n r u t )  i s a  ~.e ! . i , i l -

condi t ion to j Isj ose , but. t h e  max i n u t . i  c t  roe i i i  ( 4 . 8 )  l io I d ~; i ted i arb i  t i i i  y n and

6 . 2 .  ‘l Ie N / t i )  1 d ~ i ux 1Iu ~ ; l

C’o i uj d e r  t r i al v -ut eri , ef t i  j e i c

N— 1

~- Cx )  = a K ’2 ! (x )  , (b .  1)
n=0

N-l N- l
‘V ( x , x ’)  ) b K° k(x ,x ’) ~

‘ b k (x , x ’)  , ( ( . 1 0 )
Ii ii n i ln=0 n r 0

where the t and h are di~.posab1e roost t u t u .  Tb f un c t  i i  - r : I  J (x ‘ ) i i  ( 4 .  1) i ii

iteci f }tivaria~ i ctn-: 1 ~u c x n u:l  jot: to A~~ {f(x ’) — ~ (x ’ ) )  , c r  ~ t r ut

reaeon:sblc t o  c} o’’’ce t h e  co:e t u e t u  a and 1’ to m a N - J et  ~t i  i ecrc w i t :  ~~. .
n fl

v a r i at i  CI ’; 3 ; t hom.  Tf  t h i s  is done , tb ’ . f un c r i o n  f ( x ’ ) — 2 .1 (x ‘ ) ) cut N i t

t b lr ~/u) Pod ’ a i ; . y ox i p u i o t  to ~(x ’) in rtot~ers 0 ~~, co nst r i ;  ‘tc~~ d ii - n A ’  f ; -c.n n .

N - C u - : ,  St- ric e . Lj . : ’ . I ,o lm (4) i t s  suyqustt;d t .h i e  t-equ . - ef ai.; cc-o:c ( 20 : 5 to C .0.

a l t cr r o t . i v -~ to t i  i’ r ,- :i i o lr i  o i c~~, :IIi ;I he ;  proved a c-o: v . i ;e; c i on)  t f~~ r I : -; .

t.hcoi y of Lie j~i c u ~-n t  1. - f i t - i  g i v - . s Uoui td ~ (0 the m , v ia  ( I - N ) ,  V r i f ’ . !c_ ; t~~, . t i  ,.u Ii • •  to

2N+1order A

If we uce the I~ot:at ion

f ( i )  K’~f ( ~~) ( b .11 )

and det ote by 
~N 

the ar r ay

Cf 1 
4 1f

2
) 

~~2 
1f

3
) 0N 

+ A f .1 )

Cf 2 
4 A f~ ) (f-

i 
+ 1f

4
) ... + 11

2
) , ( .12)

+ 
~~N+i~ ~~+ 4 A f ~ ÷2) . .. ( f 1 1  

4 If
2 ) J

• then the fun c t iona lt ;  J (x ’ ) , S (x ’ ) and CCX ’) ctkn he- i.e ‘t on  as

-10-
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0 ... 
~N

t
~~~

~1 (x ’)

J (x ’) — 

~~~~~~ 

÷ I~ N (x’)I ((..1~~)

and

C(x’) = II 0~f11 Ii Ii
N

k ( x t x l1~ S(x ’ ) K ! Cx ’) , (( . 1 4)

where the operator P
~ 

is spccifiecl by

1 f 1
(x ’)  ...  f ( x ’ )

K f 7
(x ’)  . . .  fN l (x ’)  

-

— AN ÷ 1 (x)! . ( c - . 1~~)

K~ ~Nf1~~
’
~

(ef. I A a i n . ; i c y  [ 5 ) ) .  We l u t e  th a t ~~i ’ t  k ( x , x ’ )  i s 2 t I .  j  -~~e r ~~ t c  1 . - i l  c l  ne t- c N,

rows of ti . n u r n e r a i o ,  — t e t el : t  • ,  . 1 i i  i i  . 1 )  i i, ;  In -- a; l y  
~~~~~~ 

:. C C I 0 0 1  r o  •

~ 
~ 5 ¶ c o

the nulI-o~cr,itor. Ttc L r i l
~: t b ’  j i ; ’~~ C,,,tr a~

:, , : ; o m mt 5 ;  ~ - i s  e x a -  f4J .

houn d s on c i t e I - - f  ~‘~~~~~ •
‘ 

h i  .-: t i  e e l  1 . b t  i l  i .  1 NC’ mr -o ‘, ‘ : I ’ ;  - ( i . - .

of K in (6 . 9 )  e’ 1 (1’,. 10) ( c f .  ( 1

6 .3.  The F’r edhelrn  CDI l c ,x;m1, , ’t o t

One choice of t r i a l  V. o t t  w o i c t :  1 :‘ds t o  1- .0 I : .  Cl i  l i t  
I 

i i  t :r ., ’

is

~ (2~ ~~~ ~~ 
. . +1 F 1

0(,:)~~~J ..~
._ _ _

~~
._ _ __ ._

~ J f(x) , i m = l , 2 ((.1’)

Ld0~ 14. .. +t ~~m1 J J
‘Y(x) = 0

whe ic

Fl = I, B d I - KB , i = 1 , 2 ,
0 ~i in r i— i

In ( t . 1 i i

d = 1, & )‘ t d (._],• )
14l 

is = 1 , 2 
0 m - r i n - t -

r’- 1

— I i —

~~~~~~~ ~~~~~~~~~~~ ~~~~- -~. c -  ,.T — ~~~~~~~~~~~~~ ~—~~~~~ --~-
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and t is the rth trace of the kerne l k (x ,x ’) . The operators Fl are polynomials

in K, and KErn has as kernel the classical Fredholm minor; the numbers d~ are the

classical Fredholm determinants (7 ,8).

With the choice (6.16), f ( x ’) — 13(x ’) is actually the ~th 
Fredholm approxi-

siation to 4(x ’ ) ,  and we obtain the expressions

J (x ’) = K0(x’)

C(x ’) = 
lx i  II(d - ~ ) f l I  U k ( x ,x ’) !l (6.18)

Id +Xd + .. .+A~d 
n in 1 x

0 1 n

and

A~KE f ( x ’)
S(x ’ )  = . (6.19)

d +A d +. . . +A i
d0 1 in

Similar results can be obtained for the modified Fredholin approximation should the

first trace t
1 

be infinite.

7. Nonsyinmetric Kernels

If k (x ,y) is not synirnetric, then the operators K and A = I + AK are not

seif-adjoi nt. However , if A is still bounded below away from zero in the sense that

h A s h > y~~ ~~~~ 
y > 0, for all ~ IC , ( 7 .1)

the bivariational bounds

—1 * — 1 *
— y h A  0 — f l ! ~ A ‘V— g~ ~ < g,4 > I J ( ’ V , 0) + y hAs —f l ! ~ A ~— g II (7.2)

* * *can be derived , A = I + AK being the adjoint of A . When A = A , these bounds are

coarser than those in (3.13). Wheneve r (7.1) holds , i t  is possible to in fer  pointwise

bivariational bounds on 4(x ’) by taking g(x) = k(x’,x), although the special role

played by equation (2.7) specifying the reciprocal kernel is lost. In (7.2), ‘V (x ,x ’)

would not now approximate the reciprocal kernel of k(x,x ’), but rather that of k(x ’,x)

Details are given elsewhere (91 . 4
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